We prove the non-degeneracy of the extremals of the Sobolev inequality
Introduction and statement of the main result
In this paper we establish the linear non-degeneracy of the extremals of the optimal classical Sobolev inequality
where p * := N p N −p and 1 < p < N .
Aubin aubin [1] and Talenti Talenti [8] found the optimal constant and the extremals for inequality (1.1). Indeed, equality is achieved precisely by the functions All the solutions to the equation (1.4) are indeed the only ones of (1.2): Caffarelli, Gidas and Spruck proved the claim when p = 2, while the case p = 2 has been solved by Damascelli [7] in the other cases, namely when 2 < p < N .
Here we are interested in the linear non-degeneracy of the solutions (1.2) to equation (1.4). Actually, a crucial ingredient in studying bubbling concentration behaviour of families of solutions to elliptic equations involving critical Sobolev growth is understading the linear non-degeneracy of solutions (1.2) to problem (1.4). Moreover, quasilinear equations with critical growth involving the p−Laplace operator have been widely studied in recent years using a variational framework. We strongly believe that the understanding of the linear non-degenaracy of the bubble is the first step in applying a Ljapunov-Schmidt procedure which could allow to obtain stronger results at least in a perturbative setting (as it has succesfully done when p = 2).
Let us point out that equation (1.4) is invariant by scaling and by translations. Therefore, if we differentiate the equation
with respect to the parameters δ and ξ 1 , . . . , ξ N at δ = 1 and ξ = 0 we see that the functions
annihilate the linearized operator around the function U defined in (1.3), namely they solve the linear equation
We say that U is non-degenerate if the kernel of the associated linearized operator (1.7) is spanned only by the functions Z i 's defined in (1.5) and (1.6). This property is true when p = 2 as it was established by Rey in r [6] . Our main result states the non-degeneracy of the solution U for any 1 < p < N.
are linear combination of the functions
The rest of the paper is devoted to prove Theorem 1.1.
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Proof of Theorem 1.1
First of all, let us rewrite the linear equation (1.7) as
Indeed a straightforward computation shows that
It is not difficult to check that the functions Z i 's defined in (1.5) and (1. Now, we look for solutions φ ∈ D 1,p (R N ) of (2.1) of the form
In (2.2) r = |x|, θ = x |x| ∈ S N −1 and Y k (θ) denotes the k-th spherical harmonic satisfying (∆ S N −1 stands for the Laplace-Beltrami operator)
It is known that this equation has a sequence of eigenvalues λ k = k(N + k − 2), k = 0, 1, 2, . . . , (2.4) lambda whose multiplicity is given by
In particular λ 0 = 0 has multiplicity 1 and λ 1 = N − 1 has multiplicity N . We want to understand how the equation (2.1)reads when one looks for solution as in (2.2) .
It is known that (hereafter ′ stands for d dr )
Now, we have to compute the other terms in (2.1). It is easy to see that
Putting together (2.3), (2.5), (2.6) and (2.7) into (2.1) we get the following equations for any ψ k , k = 0, 1, 2, . . . , Indeed, for k = 0 we have that λ 0 = 0. It is easy to see that
is a solution of L 0 (ψ 0 ) = 0 which belongs in D 1,p (R N ). We look for a second linearly independent solution of the form w(r) = c(r)Z 0 (r).
Then we get
A direct computation shows that
Therefore c(r) ∼ Cr N −p p−1 and w(r) = c(r)Z 0 (r) ∼ C as r → +∞ and this implies that w ∈ L p * (R N ) and, a fortiori, w ∈ D 1,p (R N ) and the claim is proved.
Claim 2: For k = 1 the family of solutions of L 1 (ψ 1 ) = 0 with ψ 1 ∈ D 1,p (R N ) is given by
Indeed, for k = 1 we have that λ 1 = N − 1. It is easy to see that
is a solution of L 1 (ψ 1 ) = 0 which belongs in D 1,p (R N ). As above, we look for a second linearly independent solution of the form w(r) = c(r)Z(r). We set (see the definition of λ k given in (2.4)) −L k (ψ) = −L 1 (ψ) + Λ k r 2 ψ where Λ k = k(N + k − 2) − (N − 1) 0. Now, −L 1 has a solutionZ(r) with constant sign in (0, +∞) and hence it is a ground state corresponding to the principal eigenvalue Λ 1 = 0 and this implies that −L 1 is a non-negative operator. Therefore, −L k is a positive operator for any k 2 (since Λ k > 0 for any k 2) and the claim immediately follows.
